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In preceding papers the author proposed a new mechanism of Cooper pair formation derived 
within an extended Heisenberg model. The new mechanism operates in narrow, partly filled "super- 
conducting" energy bands of special symmetry and shows resemblances, and also great differences 
as compared with the familiar BCS mechanism. In the present paper the resulting superconducting 
state is interpreted as a state in which the spins are ordered within the k space. In this picture, the 
peculiar features of the new mechanism, as compared with the BCS mechanism, can be understood 
in a straightforward manner. On the one hand, the new mechanism resembles the BCS picture, 
because the formation of Cooper pairs is still mediated by bosons (having dominant phonon char- 
acter in the isotropic lattices of the conventional superconductors). On the other hand, however, 
the pair formation is not the result of an attractive electron-electron interaction mediated by these 
bosons. Rather, the bosons carry the crystal-spin angular momentum 1 ■ ft and generate in a new 
way constraining forces that constrain the electrons to form Cooper pairs. The scale of the tran- 
sition temperatures in conventional and high-temperature superconductors is set by the excitation 
energies of stable crystal-spin- 1 bosons that are different in isotropic and anisotropic materials. 
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1. INTRODUCTION 

In previous papersBi a new mechanism of Cooper pair 
formation was proposed that operates in narrow partly 
filled "superconducting" energy bands (cr bands) of spe- 
cial symmetry. Except for their name, these a bands have 
no resemblances or analogies with graphite- like a bands. 
The new mechanism can be derived within a nonadiEUj 
batic extension of the Heisenberg model of magnetism,EI 
the "nonadiabatic Heisenberg model" (NHM) described 
in detail in Ref. ^. The NHM emphasizes in a new way 
the atomiclike character of the electrons in narrow bands 
as described by MottO and HubbardQ: the electrons oc- 
cupy the localized states as long as possible and perform 
their band motion by hopping from one atom to another. 
Within the NHM these localized states are represented 
by (spin-dependent) Wannier functions which form an 
exactly unitary transformation of the Bloch functions of 
the considered energy bands. 

The new mechanism of Cooper pair formation re- 
sembles the familiar mechanism presented within the 
Bardeen-Cooper-Schrieffer (BCS) theoryQ because the 
formation of Cooper pairs is still mediated by bosons. In 
contrast to the BCS mechanism, however, these bosons 
carry the crystal spin 1 • h and must be sufficiently stable 
to transport it through the crystal. Further, the forma- 
tion of Cooper pairs is not the result of an attractive 
electron-electron interaction but is constrained in a new 
way by quantum mechanical constraining forces operat- 
ing in cr bands. 

These constraining forces have been illustrated in 
Ref. ^ in terms of "spring-mounted" Cooper pairs. In 
the present paper we interpret the superconducting state 
within a narrow a band as "fc-space magnetism" . This 
new form of magnetism complies with the conservation 
law of spin angular momentum only if the electrons form 



Cooper pairs. Within this picture, the essential features 
of the new mechanism of Cooper pair formation as given 
in the preceding paragraph can be clearly understood. 

A set of energy bands of a metal is called cr-band com- 
plex if the Bloch functions belonging to this set can 
be unitarily transformed into spin-dependent Wannier 
functions (spin-dependent Wfs) which arc best localized, 
symmetry adapted to the paramagnetic group of this 
metal and situated at the atoms.cl A cr-band complex 
contains just as many bands as there are atoms in the 
unit cell. However, only those atoms must be considered 
which are responsible for the superconducting state. 

For simplicity, in this paper we assume the cr-band 
complex to consist of a single band. The spin-dependent 
Wfs of such a single cr band are shortly defined in Section 
^ and, more detailed, in Rcfs. || or ^. Within the NHM, 
the peculiar properties of the spin-dependent Wfs lead 
to a special operator HqI of Coulomb interaction shortly 
described in Section |[ The interaction JgJ^ is proposed 
to be responsible for superconductivity.EiH 

In Section ^ H^l is approximated by a purely elec- 
tronic operator H^^^, and in Section || if^*^ is interpreted 
as a magnetic interaction that produces a spin struc- 
ture in the k space. Within this spin structure, however, 
electronic scattering processes violate the conservation of 
spin angular momentum. As shown in the following Sec- 
tion ^, the spin structure is stable if the electrons form 
Cooper pairs coupled via crystal-spin- 1 bosons. 



2. SPIN-DEPENDENT WANNIER FUNCTIONS 

Consider a metal with one atom in the unit cell and 
assume that this metal possesses a narrow, half-filled a 
band in its calculated band structure. 

The Bloch functions of this band can be unitarily 
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transformed into spin-dependent Wfs 

BZ 

w^r-f^t) = _^e-*^>,,„(r,t) (1) 

k 

with the functions 

+h 

hJ^^t)^ E fsrr.$)us{t)^j:{r) (2) 

being "spin-dependent Bloch functions" with spin di- 
rections depending on the wave vector k. The two- 
dimensional matrix 

f{k) = [fsmm (3) 

is, for each k, unitary and 

us{t) = 5 St (4) 

stands for Pauh's spin function with the spin quantum 
number s = ±i and the spin coordinate t = zt^. 

The quantum number m — ±^ of the crystal spin dis- 
tinguishes between the two Wannier functions belonging 
to the same position T. If in Eq. (||) we have 

fsm{k) ~ 6srm (5) 

the two functions 4>j:„^{r, t) with to = ±-i are usual Bloch 
fimctions with the spins lying in +z and —z direction, 

I 



respectively. Otherwise, these functions still are usual 
Bloch functions with antiparallel spins that lie, however, 
in a direction z' different from the z direction. 

In a (T band the matrix /(fc) in Eq. (^) can be chosen 
in such a way that 

(1) the spin-dependent Bloch functions (j)j:^{f,t) vary 
smoothly through the whole k space, and 

(2) the Wm{r — T,t) are adapted to the symmetry of 
the considered metal. 

In particular, by application of the operator K of time 
inversion we obtain 

Kw„i {r - f ,t) = ±w^,n{r - T ,t) (6) 

(where the plus is defined to belong to to ~ +i and 
the minus to ni = — ■^). The smoothness of the spin- 
dependent Bloch functions (f)^^ (r, t) guarantees that the 
spin-dependent Wfs are optimally localizable. 

It is essential that in a ct band the matrix f{k) is not 
independent of k ifrthe Wfs comply with the above con- 
ditions (1) and (2).B 



3. SPIN-BOSON INTERACTION 

The nonadiabatic Coulomb interaction 



H'6l = Y^{f'^M■.f!^M■.f^,m^,n;f^,m2MHcb\fim\,n■^^^^ (7) 



in a narrow half-filled a band depends also on boson op- 
erators fet,, and brp. in order that it conserves the total 
crystal spin, 

re,A/(a)] ^OforaeGo, (8) 

see Ref. ^ The symmetry operators M (a) of the crystal 
spin are defined for the electrons in Ref. ^ and for the 
bosons in Ref. |^, and Go denotes the point group. The 
fermion operators c"^ and c" create and annihilate 

Tm Tm 

electrons with crystal spin m in the nonadiabatic local- 
ized states |r, TO,n) and the boson operators and b^j^ 

create and annihilate localized bosons \T, I) (with the 
crystal spin I = — 1,0,+1) which are sufficiently stable 
to transport crystal spin angular momenta through the 
crystal. 

The nonadiabatic states jT, to, n) are represented 
by nonadiabatic localized functions of the form 



(r, i, (f |T, TO, n), where the new coordinate q stands for 
that part of the motion of the center of mass of the lo- 
calized state \T, TO, n) which nonadiabatically follows the 
motion of the electron occupying this state.Q We may 
imagine that q denotes the acceleration of the center of 
mass. 



4. STATIC APPROXIMATION WITHIN THE 
NONADIABATIC HEISENBERG MODEL 



Assume the atomic cores in the considered crystal to 
be rigid and absolutely immovable. On this fixed atomic 
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array we approximate the operator H^H by the operator 
Hcb = ^(fi,mi;f2,m2|ilcfc|fi',ml;f^,m^) 

f,m 

X ct. cj= Crp, , CrS, , (9) 
Turn Tama ^2™2 ^i™i ^ ^ 

not depending on boson operators and, nevertheless, con- 
serving the crystal spin, 

[ifcfa, M{a)] = for a e Gq. (10) 

The fermion operators and Cf^ create and anni- 
hilate electrons in localized states |T, m) which no longer 
depend on n and, hence, are represented by the spin- 
dependent Wfs Wm{r — T,t). 

commutes with the space group operators because 
the Wmir — T,£) are adapted to the symmetry of the con- 
sidered metal.cl In particular, from Eq. (^) it follows that 
^Cb commutes with the operator K of time inversion, 

m\,K] = o. (11) 

As a consequence of Eq. (^0|), i?^*^ does not conserve 
the electron spin s, see the following Section |^. There- 
fore, this "static approximation" within the NHM differs 
from the familiar adiabatic approximation. It is the nat- 
ural approximation that ignores the motion of the atomic 
cores when we start from the NHM. 



5. THE STATIC GROUND STATE WITHIN A 
NARROW a BAND 

Let be the electron system of a narrow, half-filled 
a band represented by the static operator 

H'* = Hhf + H'cb (12) 

(where Hhf stands for the Hartree-Fock operator). In 
the crystal spin m of the spin-dependent Bloch func- 
tions given in Eq. (0) is a conserved quantity. 
Consequently, at any scattering process of two Bloch elec- 
trons in the spin directions of the scattered electrons 
are (slightly) changed. This leads to a ground state |G**) 
in which the Bloch states \km) have fc-dependent spin 
directions as determined by the two-dimensional unitary 
matrix f{k) in Eq. (^. (It should be noted that the 
crystal spin m and the spin s without the addition "crys- 
tal" are different. The former denotes the crystal spin 
of the nonadiabatic localized states and the bosons, and 
the latter the spin of the naked electrons.) 

The matrix /(fc) varies smoothly as a function of k. 
It determines the symmetry and (sensitively) the local- 
ization of the spin-dependent Wfs. Both their symmetry 
and their localization have an important physical mean- 
ing within the NHM: The Wfs must be adapted to the 
symmetry of the considered metal in order that the nona- 
diabatic Hamiltonian commutes with the operators of the 



space group. Further, the Wfs must be optimally local- 
ized in order that the Coulomb energy in the a band is 
as low as possible. Strictly speaking, the Wfs are "opti- 
mally" localized if the energy difference AE in Eq. (2.20) 
of Ref . I is maximum, see the detailed description of the 
NHM in Ref. |. 

Hence, the directions z' of the electron spins are fixed 
in IG^*) by the condition that the Coulomb energy is 
minimum. Therefore, we interpret the interaction -ff^) 
as "magnetic" spin-spin interaction that produces Bloch 
states with fc-dependent spin directions z' . However, the 
state IG'**) differs to some aspects from a magnetic state 
in the local space: First, |G**) is invariant under time 
inversion, 

KIG"') = IG"'), (13) 

since TJ^* commutes with K. (Any magnetic order in the 
local space is not invariant under time inversion. Within 
the NHM, such a state exists only if the nonadiabatic 
Hamiltonian iJ" does not commute with K, too.li3) Sec- 
ond, the spins are not ordered in the sense that the spins 
of the Bloch states have only one direction, say +z' direc- 
tion, but the spins may either lie in +z' or in —z' direc- 
tion with only the z' direction being fixed. Therefore, this 
new magnetic interaction generating the fc-dependent z' 
direction of the spins cannot be calculated by exchange 
integrals and, hence, should not be called "exchange in- 
teraction". Thirdly, the pure magnetic state I G"*) is not 
realized in nature, see the following Section o. 



6. COOPER PAIR FORMATION IN A 
NARROW a BAND 

Starting from the magnetic state jG'**) we may under- 
stand in a straightforward way the formation of Cooper 
pairs within the NHM. 

At any scattering process in the electron system 
the total electron spin of the scattered electrons is not 
conserved. Hence, the electrons must interchange spin 
angular momenta with the lattice of the atomic cores. 
Such a mechanism produces deformed and accelerated 
atomic cores and cannot be understood within the static 
approximation. Rather it is described by the nonadia- 
batic Coulomb interaction i?^^ representing a system in 
which at any electronic scattering process two crystal- 
spin-1 bosons are excited or absorbed. 

We may assume that at zero temperature the crystal- 
spin-1 bosons are only virtually excited. That means that 
each boson pair is reabsorbed immediately after its gen- 
eration. Hence, whenever a boson pair is excited during 
a certain scattering process 

fcl,fc^~.fci,fc2 (14) 

of two electrons, this boson pair must be reabsorbed im- 
mediately after its generation during a second scattering 
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process 

fc^,fc^^fc3,fc4 (15) 

of two other electrons. 

Such a state can be studied within f^*. Here we must 
look for scattering processes 

fc^, ^2: ^3, ^4 ^ fcl, ^2, fcs, ^4 (16) 

conserving the total electron spin. Only in this case, 
the boson pair created during the first process (|lj) is 
reabsorbed during the second process (|l5|). 

At first sight, such scattering processes seem not to 
exist in because the matrix f{k) cannot be chosen 
independent of fc in a cr band. However, from Eq. (|6|) the 
equation 

Un{-k) = ±/:.^_,„(fc) (17) 

may be derivedi showing that the spins in the Bloch state 
I km) and in its time-inverted state | — fc — m) lie exactly 
oppositft. 

Thus,cl in f'** we can construct (symmetrized) Cooper 
pairs 

3i = ci - -ci cK . (18) 

with (exactly) zero total spin, where the fermion opera- 
tors ct^ create Bloch electrons with spin s = t, i- Conse- 
quently, scattering processes of the form 

fc',-fc'^fc,-fc (19) 

conserve the total spin angular momentum within f'**. 

We now may construct the nonadiabatic state in a nar- 
row half-filled a band in which any boson pair is reab- 
sorbed immediately after its creation. 

Assume all the N electrons (with N being even) in f** 
to form Cooper pairs. Consequently, the total electron 
spin in is exactly zero. Two of these Cooper pairs we 
denote by 

(fc;,-fc;) and (fc^,-fc^). (20) 

Assume further the two Bloch electrons with wave vectors 
k[ and fc2 to be scattered into the states fci and fc2, 

fc;,fc^ -> fci,fc2. (21) 

After this process the total spin angular momentum in 
f is no longer zero since the two Cooper pairs ( |20| ) 
are destroyed. Hence, a boson pair was emitted during 
this scattering process. It may be reabsorbed during a 
subsequent scattering process if then the total spin in 
again is zero, that means, if then all the electrons in £'^* 
again form Cooper pairs. Thus, at zero temperature, the 
process 

-fc;,-fc^->-fci,-fc2 (22) 
follows immediately upon the first process (pi|). 



7. CONCLUSIONS 

The picture of superconductivity as fc-space magnetism 
presented in this paper shows clearly the peculiar feature 
of the Cooper pair formation within the NHM: Within 
the NHM any attractive electron-electron interaction is 
unimportant for the formation of Cooper pairs. The 
bosons (belonging to the interaction iJ^fa ) need not effect 
an attractive interaction between the electrons, but only 
produce constraining forces that constrain the electrons 
to form Cooper pairs. 

As in Ref. ||, the Cooper pairs generated by these con- 
straining forces in a narrow a band can be illustrated 
in terms of "spring- mounted" Cooper pairs, cf. Fig. 3 
in Ref. ^: Let "P" be the subspace of the Hilbert space 
spanned by the iV-electron states in the a band in which 
all the electrons form Cooper pairs, and assume all the 
electrons to be in V^. Whenever two electrons are scat- 
tered out of V'^, a boson pair is excited which can only 
be reabsorbed when the electrons are scattered in such a 
way that again they lie in 7^°. Hence, the bosons behave 
like "springs" that push the electrons back into 

The bosons that stabilize the Cooper pairs are, in any 
material, the energetically lowest boson excitations of the 
crystal possessing the crystal spin 1 • h and being suffi- 
ciently stable to transport it through the crystal. These 
"crystal-spin-1" bosons are localized excitations |T, I) 
of well-defined symmetrytl which move as Bloch waves 
through the crystal. Most likely, these |T, I) are coupled 
phonon-plasmon modes which in the isotropic lattices 
of the standard superconductors have dominant phonon 
character .O However, in the one- or two-dimensional sub- 
lattices of the high- Tc materials, phonmis are not able to 
carry crystal-spin angular momenta.llil Here, the \T, I) 
are energetically higher lying crystal-spin-1 excitations 
of dominant plasmon character leading within the BCS 
theory to higher transition temperatures. 

I suppose that only quantum mechanical constraining 
forces as described in this paper are able to produce sta- 
ble Cooper pairs. This suaposition is corroborated by 
both theoretical argumentsH and calculated band struc- 
tures. I have already identified a bands in the band struc- 
tures of a great number of superconductors, while I could 
not find <J bands in the band structures of metals not be- 
coming superconducting.ldll3 In particular, on the basis 
of this new mechanism a theoretical interpretation of the 
Matthias rule was possible in the framework of the BCS 
theory.B 

For an examination of calculated band structures in 
terms of magnetictj or superconducting bands the sym- 
metry notations of the Bloch functions in the symmetry 
points of the Brillouin zone must be known. Unfortu- 
nately, these symmetry notations are omitted in nearly 
all the published band-structure calculations of the new 
superconductors. 
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